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Abstract 

(N ! 

Cluster tubes are 2-Calabi-Yau triangulated categories which contain no cluster tilting 
objects, but maximal rigid objects. Fix a maximal rigid object T in the cluster tube C„ of 
rank n. For any indecomposable rigid object M in C„, we give an analogous Xm of Caldero- 
Chapton's formula (or Palu's cluster character formula) by using the geometric information 
of M. We show that Xm,Xm> satisfy the mutation formula when M,M' form an exchange 
pair, and that X> : M t-» Xm gives a bijection from the set of indecomposable rigid objects 
in C„ to the set of cluster variables of cluster algebra of type C n -\, which induces a bijection 
f-H ■ between the set of (basic) maximal rigid objects in C„ and the set of clusters. This strengths 

|*V^ a surprising result proved recently by Buan-Marsh-Vatne that the combinatorics of maximal 

rigid objects in the cluster tube C„ encode the combinatorics of the cluster algebra of type 
B„-\ since the combinatorics of cluster algebras of type B„_i or of type C„_i are the same by 
one of results of Fomin-Zelevinsky in [FZ2] . 
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1 Introduction 

rn 

qq . Cluster algebras were introduced around 2001 by Fomin-Zelevinsky [FZ1] in order to give an 
algebraic and combinatorial framework for the canonical basis of quantum groups and for the no- 
tion of total positivity for semisimple algebraic groups, see [FZ4] for a nice survey on this topic 
and its background. Since they introduced, interesting connections between such algebras and 
several branches of mathematics have emerged. In the categorification theory of cluster algebras, 
cluster categories [BMRRT, CCS, Kl, Am, Du], (stable) module categories over preprojective 
algebras [GLS1, GLS2, BIRS] play a central role. They all have cluster tilting objects, and 
these cluster tilting objects model the clusters of the corresponding cluster algebras via Caldero- 
Chapoton's formula [CC] in the case of cluster categories or GeiB-Leclerc-Shroer's map [GLS1] 
in the case of preprojective algebras. This motivates the study of arbitrary 2-Calabi-Yau trian- 
gulated categories with cluster tilting objects (subcategories). Palu defined the cluster character 
for the 2-CY triangulated categories which have cluster tilting objects and all cluster tilting ob- 
jects have no loops or 2-cycles [Pal] (see also [FK]). It was proved in [IY] [BIRS] that one can 
mutate cluster tilting object T (respectively maximal rigid object) at any indecomposable direct 
summand to get a new cluster tilting object m(T) (resp. maximal rigid object) via exchange tri- 
angles in a 2-CY triangulated category C. For any maximal rigid object T , one can associate 
an integer matrix Aj by using the exchange triangles (where Aj we define is the transpose of 
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Bj defined in [BMV]). If Aj and A^j) are related by Fomin-Zelevinsky's matrix mutation for 
any maximal rigid object T, then we call that the maximal rigid objects form a cluster structure 
in C [BMV, BIRS]. In [BMV], Buan-Marsh-Vatne showed that maximal rigid objects without 
2-cycles form a cluster structure in C (see also [BIRS]). Cluster tilting objects and maximal rigid 
objects are important objects in 2-CY triangulated categories. They have many nice properties, 
see for example [I], [KR], [KZ], [IY], [DK], [V], [Y], [ZZ]. Cluster tilting objects are obvious 
maximal rigid, but the converse is not true, see [BIKR] for the first examples. Cluster tube pro- 
vide the second examples, in which maximal rigid objects contains loops, contains no 2-cycles 
[BMV]. Cluster tubes, denoted by C„, is by definition, the orbit category by r _1 [l] of derived 
category of the hereditary abelian category of nilpotent representations of a quiver with under- 
lying graph and with cyclic orientation. It is a 2-CY triangulated category [BKL1-2]. In 
[BMV], a classification of maximal rigid objects in the cluster tube C„ is given. The maximal 
rigid objects is proved to form a cluster structure. Furthermore they use the geometric description 
of the exchange graph of cluster algebras of type fi„_i in [FZ2] to prove that there is a bijection 
between the set of indecomposable rigid objects in cluster tube C n and the set of cluster variables 
of cluster algebra of type B„_i. Under this bijection, maximal rigid objects go to clusters [BMV]. 
Since the cluster combinatorics of cluster algebras of type C„_i is the same as that of cluster 
algebras of type B n _i by Proposition 3.15 in [FZ2], there is also a bijection between the set of 
indecomposable rigid objects in cluster tube C„ and the set of cluster variables of cluster algebra 
of type C„_i. 

The aim of the paper is give a analogue of Caldero-Chapoton's formula [CC] (or Palu's character 
[Pal]) for cluster tubes. Fix a maximal rigid object T in C„ with the matrix At associated with T 
being a skew-symmetrizable matrix of type C n -\. For any indecomposable rigid object M in C n , 
with respect to T, we define an analogue of the Caldero-Chapoton's formula Xm defined for clus- 
ter categories in [CC], see also [Pal]. We prove that the formula Xm satisfies mutation formula: 
i.e. if M and M* are indecomposable rigid objects such that M © N and M* © N are maximal 
rigid objects in C n , then Xm • Xm* - Xe + X' e where E, E' are the middles of the exchange trian- 
gles: M -> E -> M* -> M[l], M* E' -> M M*[l]. We note here that the dimension of 
E\t l (M,M*) maybe 2 (compare to the cases considered before in [CC],[Pal],[FK],[Plal-2], the 
^-dimension of Ext ! (M, M*) is always one). Thus X? gives a bijection from the set of indecom- 
posable rigid objects in C„ to the set of cluster variables of cluster algebras of type C„_i. This 
gives an explicit bijection parallel as that given by Buan-Marsh-Vatne [BMV] for type B„_i (since 
there is a nature bijection between type B„_i and type C„_i, see [FZ2]). The algebra generated 
by the Xm, where M runs over indecomposable rigid objects in C n is isomorphic to the cluster 
algebras of type C n -\. Ming Ding and Xu Fan also defined an analogue map for cluster tubes and 
gave multiplication formulas but it can not be used to realize the cluster algebra of type C or B 
[DX]. 

The paper is organized as follows: In Section 2, we recall some basics on cluster algebras and 
2-CY triangulated categories. In particular, we recall the definition of cluster tubes and basic 
description on indecomposable rigid objects in cluster tubes [BMV]. In Section 3, fix a maximal 
rigid object T in C n , We calculate the index of any indecomposable rigid object M respect to T 
(defined in [Pal, DK, Pla]) and define the analogue Xm of CC-maps or Palu's map for indecom- 
posable rigid object M with respect to T. This map X? is called cluster map. Using the structure 
of the cluster tube C n , we divide the set of indecomposable rigid objects into three disjoint sub- 
sets. Using the structure of endomorphism algebras of T, we calculate the explicit formula of 
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Xm according to which subset M belongs to. In Section 4, we prove that Xm,Xm* satisfy the 
mutation formula when M, M* form a mutation pair. Using the mutation triangles, we explain 
the matrix Aj associated with T is a skew-symmetrizable matrix of type C„_i. We prove that the 
map X? gives a bijection between the set of indecomposable rigid objects in C n and set of cluster 
variables of At, which also induces a bijection between of the set of maximal rigid objects and 
the set of clusters of At- It follows that the cluster algebra generated by Xm, where M runs over 
all indecomposable rigid objects, is isomorphic to the cluster algebra of type C„_i. 

2 Preliminaries 

We recall some basic notation on cluster algebras which can be found in the papers by Fomin and 
Zelevinsky [FZ1-3]. The cluster algebras we deal with in this paper are without coefficients. 

Let T = Q(u\,ii2, • • • , u n ) be the field of rational functions in indeterminacies u\, U2, • • • , u n . 
Set u - [u\,U2, ■■■ , u n }. Let A = (a,- 7 ) be an n x n skew-symmetrizable integer matrix. For any 
k e [l,n], where [\,ri\ denotes the set of the numbers 1,2, •• • ,n, the mutation Hk(A) of A in 
direction k is by definition, an integer matrix A' - (a'.X 



It is also a skew-symmetrizable matrix. 

A pair (x, A), where x = [x\,X2, ••• , x„} is a transcendence base of T and A is an n x n skew- 
symmetrizable integer matrix, is called a seed. 

A mutation iUk(x, A) of a seed (x, A) in direction k is a new seed (V, A'), where A' = Hk(A), and 
x!_ - x - {xk) {J{x' k }, x' k is defined in the following mutation formula: 



The "mutation equivalence «" is an equivalent relation on the set of all seeds generated by the 
mutation. 

The cluster algebra associated to the skew-symmetrizable matrix A is by definition the subal- 
gebra of f generated by all x, in x such that (x, A') « (u, A). Such x-(x\,X2,--- , x n ) is called a 
cluster of the cluster algebra 3Ka or simply of the matrix A, and any x,- is called a cluster variable. 
The set of all cluster variables is denoted by xa ■ If the set xa is finite, then the cluster algebra 3\a 
is called of finite type. For any skew-symmetrizable integer matrix A, one can define the Cartan 
part Ca of A as follow: Ca = (cij) n xn, where 



It was proved by Fomin-Zelevinsky [FZ3] that cluster algebras are of finite type if and only if 
there is a seed (A', x^) which is equivalent to (A, u) such that the Cartan part Ca> of A' is a Cartan 
matrix of finite type. The type of the Cartan matrix Ca is called the type of the cluster algebra 




if i - k or j - k, 
otherwise. 



= n x T + n *7 




if i + j, 



& A- 
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For example if Ca> - 



2-10 ••• 

-2 2 -1 ••• 

••• 2-1 

••• -1 2 



, then the cluster algebra is called of type C n . 



Now we recall some basics on 2-CY triangulated categories. 

Fix an algebraically closed field k. We say a triangulated category C is ^-linear provided all 
Horn-spaces in C are ^-spaces and the compositions of maps are ^-linear. The ^-linear tri- 
angulated categories in this paper will be assumed Hom-finite and Krull-Remak-Schmidt, i.e. 
dim,tHom(X, Y) < oo for any two objects X and Y in C, and every object decomposes into a fi- 
nite direct sum of objects having local endomorphism rings. For using Hom-infinite triangulated 
categories to study cluster algebras, we refer the recent paper [Plal£Pla2]. 
A ^-linear triangulated category C is called 2-Calabi-Yau (2-CY for short) if there is a functorial 
isomorphism Hom(X, Y) = DHom(y, X[2]) for objects X, Y e C, where D = Hom fe (- k) [Kl]. 
Examples of 2-CY triangulated categories are the cluster categories of abelian hereditary cate- 
gories with tilting objects [BMRRT, Kel]; the Hom-finite generalized cluster categories of alge- 
bras with global dimension of at most 2[Am]; the stable categories of stably 2-CY categories 
[BIRS], cluster tubes [BKL] and some others, please see the survey [K3]. 

Now we recall notions of cluster tilting objects, and of maximal rigid objects from [BIRS] 
[BMV]. 

Definition 2.1. Let T be an object of a 2-CY triangulated category C. 

1. T is called rigid provided Ext l (T, T) - 0. 

2. T is called maximal rigid provided T is rigid and is maximal with respect to this property, 
i.e. if Ext 1 (T © M, T © M) = 0, then M e addT. 

3. T is called cluster-tilting provided for any M eC, if Ext 1 (M, T) = 0, then M e addT. 

From the definition, any cluster tilting object is maximal rigid, but the converse is not true. It 
was proved in [BMV] that the cluster tube C n has no cluster tilting objects, but maximal rigid ob- 
jects. See [BIKR] for more examples. 2-CY triangulated categories with cluster tilting objects is 
important for the categorification of cluster algebras of skew-symmetric matrices, see the survey 
[K2] and the references there. 

For a basic maximal rigid object T - T\ © • • • © T, © • • • © T n with all Tj indecomposable. For any 
i e [l,n], write T -T © Tj. Then there are two non-split triangles: 

T* ^ Ei % T t -> r*[l], 
Tt i E\ % TT -> 7j[l], 

where /; and f. are minimal left f -approximations; gi and g' t are minimal right f -approximations. 
Furthermore T* is indecomposable and t®T* is maximal rigid [IY BIRS]. Define yU,(T) = r©r,-, 
and call it the mutation of maximal rigid object T in direction i. It is easy to see that ^ ; oju,(r) - T . 
The two triangles above are called exchange triangles. 

Let T - T\ © • • • © T{ © • • • © T n be a basic maximal rigid object in C. We define an integer matrix 
At = {ciij) as follows: 
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Qij - aij - a'jj, where ar i; - denotes the multiplicity of r, as a direct summand of Ej, a\ - denotes 
the multiplicity of T, as a direct summand of Ej. Note that an = 0. 

Our definition of the matrix At associated to T is the transpose of the matrix Bj associated to 
T defined in [BMV]. When the endomorphism algebra of T contains no loops or 2-cycles, then 
Aj,Bj are skew-symmetric matrices, and then Aj - -Bj- In general the matrices Aj,Bj are 
sign-skew-symmetric (see Lemma 1.2 in [BMV]). 
We also note that 

Remark 2.2. We use our definition of the matrix Aj associated to T to replace the matrix Bj 
defined in [BMV] since we will prove the exchange formula for our cluster formulas of indecom- 
posable rigid objects in C n , and the cluster algebra realized by cluster tubes is of type C n -\. 

Let C be a 2-CY triangulated category with maximal rigid objects. Suppose that for all maximal 
rigid objects T - T\ © • • • © Tj © • • • © T„, E{ and E' t have no common direct summands for any 
i e [l,n]. Then pi{Aj) - A^t) (equivalent to yU,(Br) = S rt (7> the latter was proved in [BMV]). 
In this case we say that the maximal rigid objects form a cluster structure in C as in [BMV]. 

In what follows, we will focus on cluster tubes, an special 2-CY triangulated category. 

The tube 7~ n of rank n is the category of finite-dimensional nilpotent representations over k of 
— > 

the cyclic quiver A„ with n verices such that arrows are going from i to i + 1 (taken modulo 
n). It is a ^-linear hereditary abelian category with Horn-finite, i.e. dimHom(X, Y) < oo. Each 
indecomposable representation is uniserial, i.e. it has a unique composition series, and hence 
is determined by its socle and its length up to isomorphism. We denote by (a, b) in T n the 
unique indecomposable object with socle (a,l) and quasi-length b, where (a,\) is the simple 
representation at vertex a, where a e {l,n\ (see Fig.2 in Section 3). T n has Auslander-Reiten 
sequences, and the Auslander-Reiten translation r is an automorphism of T n , r(a, b) = (a - l,b). 
The cluster tube of rank n is defined in [BKL], see also [BMV], as the orbit category C n := 
D b (T n )/T~ 1 [l], where [1] is the shift functor of D h (T n ). This category is a triangulated category 
such that the projection n : D b (T n ) — > C„ is a triangle functor. It is also 2-CY [K]. 
C n has Auslander-Reiten triangles which induced from ones in D h (T n ). It is easy to see the 
indecomposable objects in T n are also indecomposable in C n (via the composite of the inclusion 
functor T n •— > D b {T n ) with projection n : D h (7~ n ) — > C n ) and all indecomposable objects in C„ 
are of this form. So we use the same (a, b) to denote the indecomposable object in C n which is 
induced from the object (a, b) in T n . 

By the definition of C„, for two objects X, Y e T n , Uom Cn (X, Y) = Uom Tn (X, Y) [] DHomT^y, t 2 X) 
As in [BMV], the maps from Hom7~ n (X, Y) are called 7"-maps and the maps from DHom7- n (F, t 2 X) 
are called £)-maps. 

The indecomposable rigid objects are classified in [BMV]: 
Proposition 2.3. (a, b) is rigid if and only ifb < n - 1. 

Denote by T,- = (l,n - i), i - 1, • • • ,n - 1. It is easy to see that ©"j/r,- is a maximal rigid object 
in C n - We will use T to denote this maximal rigid object through the paper. 
It was proved in [BMV] that the maximal rigid objects have no 2-cycles, and then form a cluster 
structure of C n . Moreover there is a bijection between the indecomposable rigid objects and the 
cluster variables of the cluster algebra of type B n -\- 

For an object M in C„, denote by addM the subcategory of C n consisting of (finite) direct sums 
of direct summands of M. For two subcategories "D\,D2 of C n , denote by T>\ * D2 the full 
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subcategory of C n consisting of object E such that there is a triangle D\ — > E — » D2 — > £>i[l], 
where D, e for i - 1,2. 



3 Index and the cluster map X? 

Let C n be the cluster tube of rank n and T = Q(*i, *2, ••• , x n -\) be the field of rational functions 
in indeterminates x\, x%, ■ ■ • , x„_i . We always assume that n> 2 in the rest of the paper. 

In this section, we will define the cluster map Xi from the set of indecomposable rigid objects in 
C n to f by using the geometric information of the indecomposable rigid objects. We will give 
an explicit expression of Xm as a Laurent polynomial of x\, ■ ■ ■ , x n -\ according to which subset 
M belongs to, where the set of indecomposable rigid objects in C„ is divided into three disjoint 
subsets. 

Fix T :- ®"~^Tj, where r, = (l,n-i) is as before. T is a maximal rigid object in C„. Let K'^ pl "(T) 
be the split-Grothendieck group of addr, i.e. the free abelian group with a basis consisting of 
isomorphism classes of indecomposable direct summands of T. We use [T'] to denote the image 
in K s pUt (T) of V e addr. 

Let D - addr[-l] * addr. For an object X of £)[!], there exists a traingle 



where T' x , T' x e addr. It follows that / is a right addr-approximation. We define the index 
ind T (X) = [T' x ] - [T%\ e K s pUt (T) as in [Pal, DK, Pla]. It was proved in [ZZ] that any rigid object 
belongs to 0[1] (also in D). The next lemma tells us how to get the right addr-approximation 
of any indecomposable rigid object in C n . 

Lemma 3.1. For any indecomposable rigid object (a,b) in T n , every addT —approximation of 
(a, b) in T n is an addT -approximation of {a, b) in C„. 

Proof. It is easy to see that every D-map in Homc^r,-, (a, b)) factors through a D-map in 
Homc„(Ti, {a, b)) (Lemma 2.2 in [BMV]). If there are no non-zero D-maps in Homc n (r, (a, b)), 
then the addr-approximation of (a, b) in T n is an addr-approximation of (a,b) in C n . Now 
suppose there are non-zero D-maps in Homc„(r, (a, b)), then dimHoniT^a, b), t 2 T\) - 1. 
So it is sufficient to show that for any nonzero £)-map / in Homc„(ri, T\) and any nonzero 
7~-map h in Homc n (T\ , (a, b)) the composition hf is not zero. The triangle involving / is 

/ 8 

(2,2n - 2) — > T\ — > T\ — > (1,2« - 2) where g is a 7~-map. We know that ag = for any 
7~-map a in Homc„((l, 2n - 2), (a, b)), so h can not factor through g, and then hf + 0. Thus we 
have the assertion. □ 

Theorem 3.2. For any indecomposable rigid object (a, b) in C n , 




r x Ux^ r£[i] 




Ui] - [T„- a+ i] - [Tin-a-b\ ifa + b>n + \ 
[T n - a - b+1 ] - [r„_ a+ i] ifa + b < n. 
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Proof. For a - n, there is a triangle (1, b) — > — > (n, b) — > (1, 6)[1], so ind7-(«, b) - -[(1,6)]. 
For 1 < a < n — 1 and a + b > n + 1 , there is a minimal right addr-approximation / : T\ — > (a, b) 
in T n . Then ker(/) = (I, a - 1) and coker(T~V) - {l,a + b - n). We get a triangle 

C -» Ti 4 (a, 6) -» C[l] 

in C„ and an exact sequence 

-» coker(T~V) -> C -» ker(/) -» 

in 7"„ (cf. [Y]). Since Ext*- ((1, a - 1), (1, a + 6 - n)) = 0, then C = (1, a - 1) © (1, a + b - n). 
Hence md T (a,b) = [7\] - [7V a+ i] - [T 2 „- a -bl 

For a + b < n, there is a minimal right addr-approximation / : r„_ a _£ + i — > (a, 6) in 7~„. Then 
ker(/) = (I, a - 1) and coker(T -1 /) = 0. Hence mAj{a,b) = \Jn-a-b+\\ - [T n -a+\\- a 

Let B - Endc„(r[-1]), then F :- Hom(r[-l],-) : D/addT — * mod B is an equivalence of 
categories. 

Definition 3.3. For any indecomposable rigid object M in C n , we define 
X M = x indTM ^ X (Gr e (Hom(T[-l],M)))x-* e) 

where the sum takes over all dimension vectors e such that there exist an object Y in D n D[l] 
with e = dimH omc„(T[-l], Y); where i(e) = indjY + indjY\Y\ and x is the Euler-Poincare 
characteristic of Gr e (Hom(T[-l], M)) ([K2]). 

For any rigid object N = i n Cn with Mi indecomposable, we define 

m 

1=1 

In [Plal][Pla2], similar definition is given respect to a fixed rigid object T. But his definition 
needs additional assumption that the simple B-module at each vertex can be lifted to an object in 
DnD[l] through the functor F and then any finite-dimensional B-module can be lifted through 
F to an object in DnD[l]. In our situation, the assumption is not true and we omit the B-modules 
which can not be lifted through F to T) n D[l] in the definition above. In fact simple B-module 
S\ corresponding to T\ can not lift to any object in D n £)[1] by functor F (see the dimension 
formula stated before Lemma 3.5). 

We give some remarks about the definition: 

Remark 3.4. We will point out in Lemma 3.4 that for an indecomposable rigid object M, if a 
B-submodule of FM can not be lifted to D n £)[1], then so are other B-submodules of FM with 
the same dimension. 

Remark 3.5. Why does not i(e) depend on the choice of such an Y? We will show this in the 
proof of Theorem 3. 7. 
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Following [V][Y], the set of indecomposable objects in 0[1] is the set of indecomposable objects 
(a, b) satisfying either (1) (a,b) is rigid or (2) n < b < 2n - 2 and a + b < 2n - 1. We divide 
into five subsets (see Fig.l): 

= [(a,b)\a= l,b < n - 1} 

1 = {(a,b) | 2 < a < n- I, a + b < n] 
II - {(a,b) | a + b > n + \,b < n - 1} 

/// = {(a,b) | a + b < 2n - I, a + l,b > n} 
IV = {(a,b) | a + b = 2n,a + l,b > n} 




(1,D<2,1) 



(n-1,1) (11,1) 



Fig. 1 Five disjoint subsets of 0. 
It is easy to see that for any indecomposable object (a, b) in D, we have 



dimHom(ri [-1], (a, b)) 



if {a, b) e O or /; 

2 if {a, b) e // or ///; 

1 if {a, b) e IV. 



So we have the following fact. 



Lemma 3.6. For any indecomposable rigid object M in C„, if Y is an object in D such that FY 
is a B—submodule ofFM, then FeBfl 0[1] if and only if dimHom(T[[-l], Y) + 1. 

Proof. We know that for object Y in D,Y e DnD[\] if and only if all indecompasable summands 
of Y are in O U / U // U 

Since dimHom(ri [-1], M) < 2, so dimHom(ri[-l], Y) = 2 implies that dimHom(ri [- 1 ] , M) = 
2 and . Then there is a T - map f in Hom(ri[-l], M) such that / is a generator of B-module 
FM by the proof of Theorem 3.2. So FY = FM and then Y = M © V , where V e addr. Hence 
FeDnfl[l], 

When dimHom(ri [-1], Y) - 1, Y has some summand in IV, then Y <t D n D[l]. 
When dimHom(r! [-1], Y) = 0, all summands of Y are in O or /, then Y e D n £>[1]. 
Thus the statement holds. 



Let E{ : HormT ; [-l], Y) — > Hom(r[-l], Y) be the natural embedding and <?, be the dimension 
vector of 5, where 5,- is the simple module of B corresponding to T,-. In the following expression 
of x m , when m-n, then x n is taken to 1. 
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Theorem 3.7. The Xm in Definition 3.3 is well-defined and for any indecomposable rigid object 
(a, b), 



\x n -b if(a,b)eO; 



X,aj* = \IL> if{a,b)el; 



Proof. For the first statement, we have only to show that if two objects Y', Y" e D with dim FF' = 
dimFY" and an indecomposable rigid object X e D satisfy both FY' and FY are B-submodule 
of FX, then ind r r + indjT'U] = ind r y" + ind r F"[l]. We will show this in the following 
detailed calculations. In the following analysis, if FY = FY\ as a B-submodule of FM, then 
Y © T = Yi © T", for some 7", T" e addr. Hence we have ind r (r © T') + ind r (F © Z")[l] - 
ind T (yi © T") + ind r (7i © T")[l]. Then ind r T + ind r F[l] - ind r Fi + ind r yi[l]. So we 
will consider only the situation of Y, Y\ such that FY,FY\ are not isomorphic to each other as 
submodules of FM. 

1. The case of (a, b) e O. (a, b) e addr, hence we have indr(a, b) + ind^a, b)[l] = 0. 

2. The case of (a, b) € I. It is easy to compute the dimension vector of F ((a, ft)): 



dimHom(r;[-l],(a:,&)) = 



jl if n-a-b+2<i<n-a+\ 
otherwise. 



For any nonzero element / in Hom(r,[-l],(a,ft)), n - a - b + 2 < i < n + I - a, f is 
a T-map. Then = ©pf +1 £ 7 (Hom(T ; [-l], (a,b))). Then F(Y) is a B-submodule 

of F ((a, b)) with dimHom(ri[-l], Y) + 1 if and only if F(F) = for some / e 

Hom(r ; [-l],(a,ft)), n-a-b + 2<i<n + \-a. Hence FT = F(a,b'), < ft' < 
b. Then ind r F + ind r F[l] = md T (a,b') + md T (a, b')[l]. Moreover, for < ft' < ft, 
^( Gr dim(F(fl,fo'))^ Hom ^ r f _1 ^^'^^) ~ 1- Hence ' b y Definition 3.3, we have that X^ b) - 

■y 1 ^ x n-a-b+ 1 x n-a+2 
■<^il=0 X n - a -k + lX n - a -t;+2 ' 

3. The case of (a, b) e //. 

(a) ft = ra - 1 . In this case, 



dimHom(7 , i [-l],(a,fe)) 



|2 if 1 < i < n -a + 1 
otherwise. 



There is abasis {£i(/i), Fi(gi), • • • , £„- a+ i(/„_ a+ i), £ n _ a+ i(g„_ a+ i)} of F ((a, ft)) where 
/i is a 7~-map in Hom(r;[-l], (a, ft)) and gi is a D-map in Hom(r i [-l], (a, ft)). Then 
EiifdB = ®%? +1 Ej(fj) (2 < i < n-a+l), Ei( gi )B = ©^? +1 F 7 (s 7 -) (1 < / < 
« - a + 1) and £i(/i)£ = F((a, ft)). So if F(Y) is a B-submodule of F ((a, ft)) with 
dimHom(Fi[-l], Y) 4- 1, there are five cases: 

i. T = (a, ft) with dim(FT) - 2^. In this case, x = \. 

ii. F(Y) = Ei(Hom(Ti,(a,b)))B with dim(FF) = ^^ fl+1 2« t , 2 < i < n - a + 1 
(when a <n-\). Then Y = (a,b') © (a, ft'), 1 < ft' < n - a. In this case,^ - 1. 



9 



iii. F(Y) = Ei(fi)B © Ei(gj)B with dim(FF) = «* + 2/=7 «/. 2<i<j< 
n-a + l (when a < « - 2). Then F = (a, ft') © (a, ft"), 1 < ft" < ft' < n - a. In 
this case, x - 2. 

iv. F(F) = £,■(/))£ with dim(FF) = « fo 2 < i < n - a + 1 (when a < n - 1). 
Then F = (a, ft'), I < b' < n - a. In this case, ^ = 2. 

v. Y = with dim(FF) = 0. In this case, x = 1- 

Hence, by Definition 3.3, we have that = *u£^ +2 + ^— -L_ _ ) 2 j, 

(b) ft < n - 2. In this case, 



dimHom(r f [-l],(fl,fe)) - 



2 if 1 < i < n - a + 1 

1 if « + 2 - a < / < 2« — a — ft 

otherwise. 



There is abasis • • • , £ ra _ a+ i(/„_ a+ i), • • • , £2n-a-fc(g2n-a-fc)} of F ((a, ft)) 

where/i- is aT"-map in Hom(T,-[-l], (a, ft)) and gi is aD-map in Hom(r ! [-l], (a, ft)). 
Then = e^^Efa) (1 < i < 2n - a - ft) and £i(/i)B = F((a,b)). So if 

F(F) is a B-submodule of F((a,b)) with dimHom(ri[-l], F) ^ 1, there are eight 
cases: 

i. F = (a, ft) with dim(FF) - ^ + Z^P - * In this case, * = 1. 

ii. F(Y) = Ei(fi)B with dim(FF) = e k ,2<i<n-a + l (when a < n - 1). 
Then F = (a, ft'), 1 < ft' < « - a. In this case, ^ = 1. 

iii. F(F) = Ei(gi)B with dim(FF) = Z^T^ «/, n - a + 2 < j < 2n - a - ft. Then 
Y = ( a + b-n + l,ft"), 1 < ft" < n - ft - 1. In this case,^ = 1. 

iv. F(Y) = Ei{gi)B with dim(FF) = Y^ a ~ h e h 2 < i < n - a + 1 or F(Y) = 
BEi(fi) © BE n - a+2 {g n -a+2) with dim(FF) = YZf x e k + J%££ 2 e h 2 < i < 
n-a + l (when a < n - 1). Then F = (a + ft - « + l,ft"),n - ft < ft" < 
2n - a - ft - 1 or F = {a, ft') © (a + ft - ra + 1, n - ft - 1), 1 < ft' <n-a. Moreover, 
ind r ((a + ft - n + l,ft' + n - ft - 1)) = ind r (((a,ft') ffi(a + ft-n+l,n-ft- 1))) 
and ind r ((a + ft - n, ft' + n - ft - 1)) = md T (((a - 1, ft') © (a + ft - n, n - ft - 1))), 

1 < b' < n - a. In this case, ^ = 2. 

v. F(F) = Ei(fdB®Ej(gj)B with dim(FF) - + j£?- b e u 2 < i < 
n-a+l, n - a + 3 < j < 2n - a - ft (when a < n - 1 and ft < n - 3). Then 
F = (a, ft') © (a + ft - « + 1, ft"), 1 < ft' < n - a, 1 < ft' < « - ft - 2. In this case, 

vi. F(F) = Ed fj)B®E,igi)B with dim(FF) - «i+2^*ei,2< i < n-a+l 
(when a < n - 1). Then F = (a, ft') © (a + ft -n + 1, ft' - ft + n - 1), 1 < ft' < n - a. 
In this case, x - 1 • 

vii. F(F) = £,<y;)B © Fy(gy)B with dim(FF) = ^ + Y^ a ~ b e u 2 < i < j < 
n-a + l or F(Y) = BE t (fd © BE fa) with dim(FF) = + Y^ a ~ b e h 

2 < j < i < n - a + 1 (when a < n - 2). Then F = (a, ft') © {a + ft - n + 1, ft"), 
a + 1 <a + ft-« + l+ft" <a + ft' <«orF = (a,ft')ffi(a + ft-« + 1, ft"), 
a + 1 <a + ft' <a + ft-« + l+ft" <«. Moreover, ind r ((a, ft') © (a + 
ft - n + 1, ft")) - ind r ((a, ft - n + ft" + 1) © (a + ft - n + l,n - ft - ft' - 1)) and 
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ind T ((a-\,b')e(a+b-n,b")) - ind T ((a-\,b-n+b" + \)®{a+b-n,n-b-b' -1)). 

In this case, x - 2. 
viii. Y = with dim(FF) - 0. In this case, x - 1- 
Hence, by Definition 3.3, we have that 



X(a,b) - X\X n - a +2X2n-a-b+l 



( ^ ( n-a 
— + 



X 2 



( 2n-a-b-\ 



v E 



1 



^2n-a-i-/^2n-a-fo-/+l 



Thus the proof is completed. □ 

Example 1. In C3, there are six indecomposable rigid objects: T\ = (1,2), T 2 — (1, 1), t -1 ^ = 
(2,2), t~ 1 T 2 = (2, 1), tTi = (3,2) and T T 2 = (3, 1) (see Fig.2). 




r 2 = (U) ^T-'r2 = (2,i)^Tr 2 = (3,i) 



Fzg.2 77ie of rank 3. 



By Theorem 3.7, we have the following result where we reserve the details of the calculation: 
X Tl = x\, 

Xt 2 - x 2, 

l x\ K x\ x\ x x > XlX j 
Xt->T 2 = + 1) = ^ 



x rTl = ±(4 + 1) = 
x = ± ( i + -i + 1) - 

T1 2 Xi y X\ X\ ' 



xj + 1 



X\X 2 



4 Mutation relations 



By Proposition 2.6 in [BMV], every maximal rigid object in C„ is in some wing of (a, n - 1) and 
there is a natural bijection between the set of maximal rigid object in the wing of (a, n - 1) and 
the set of tilting modules over path algebra M„_i of linear quiver of type A„_i. Hence using the 
complete description of all tilting modules of quivers of type A in [HR], one can easily to check 
that the following proposition for maximal rigid objects in C n . In the following, for the pair of 
numbers of object in C„, we always view (a, 0) as zero object. 
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Proposition 4.1. Let Rbea maximal rigid object in C n and {a, b) be an indecomposable summand 
of R. Then there are (a,h - 1) and (a + h,b — h) in addR for some h, 1 < h < b and every 
indecomposable summand of R in the wing of (a, b) which is not isomorphic to (a, b) is in the 
wing of (a, h-Y) or in the wing of (a + h,b- h). When b + n—\, there exists ani, 1 < i < n-b—l, 
such that either (a, b + i) or (a - i,b + i) is in addR. 

With this proposition and Theorem 1.1 in [BMV], we can give all exchange triangles in C n . 

Lemma 4.2. Given two basic maximal rigid objects T ®T and T" © T in C n such that both T' 
and T" are indecomposable. Then dimExt l c (T', T") - 1 or 2. 

Moreover, if dimExt l c (T', T) = 2, then the exchange triangles have the following form: 

(a,n - 1) — > {a + h,n - h - 1) ffi (a + h,n - h - 1) — > (a + h,n - 1) — > (a,n - 1)[1], 

(a + h, n - 1) -> {a, h - 1) © (a, h - 1) -> (a, n - 1) -» {a + h, n - 1)[1] 
where 1 < a < n, 1 < h < n - 1. 

If dimExt l c (T', T) - 1, then the exchange triangles have the following form: 

{a, b) -» (a,b + i) © (a + h,b - h) — > (a + h,b - h + i) -> {a, b)[l], 

(a + h,b - h + i) -> {a + b + 1, / - 1) © (a, /i - 1) — > (a,b) — > (a + h,b - h + i)[l] 
where \ < a < n, b < n - 2, 1 < h < b, \ <i<n — b—\. 

Proof. Let (a, n - 1) © R be a basic maximal rigid object, 1 < a < n. Then there is an h, 
1 < h < n - 1, such that (a, h - 1) and (a + h,n - h - 1) are in add((a, n - 1) © R) and other 
indecomposable summands of R are in the wing of (a, h - 1) or in the wing of (a + h, n - h - 1). 
Now ((a + h, n - 1)) © R is a basic maximal rigid object. There is no nonzero map from the wing 
of (a + h, n — h - 1) to (a, n - \) and any maps from the wing of (a, A — 1) to (a, n - 1) factor 
from (a, /i - 1). Since dimHonic((a, h - 1), (a, n — 1)) = 2 and Homc((a, /i - 1), (a, « - 1)) is not 
a cyclic Endc((a,/i - l))-module, then the minimal right add/?-approximation of (a, n - 1) is 
(a, h-\)®(a,h-\) — > (a,n- 1). Similarly, we can get the minimal left add/?-approximation of 
(a, n - \):{a,n - 1) — > (a + h,n - h - 1) © (a + - h - 1). By Theorem 1.1 in [BMV], we have 
that the exchange triangles. In this case, dimExtJ, ((a, n - 1), (a + h, n - 1)) = 2, 1 < h < n - \ . 

Let (a, fe) © /?, 6 ^ n - 1, be a basic maximal rigid object, 1 < a < n, b < n - 2. Then there is 
an 1 < i < n - b - 1, such that either {a, b + i) or (a - i,b + i) is in add((a, b) © R). Assume 
that {a, b + i) the "upper right" to (a, b) is in add(/?) and there is no j, I < j < i, such that 
(a, b + j) e add(/?). In the wing of (a, ft), there are (a + h, b - h) and {a, h - 1) in add(/?) for 
some h, \ < h < b. Now ((a + h,b - h + /)) ffi /? is a basic maximal rigid object. Science 
(a, ft) — > (a, b + i) ® (a + h, b - h) —> (a + h,b - h + i) — > (a, &)[1] and (a + h,b - h + i) —> 
(a + b + 1, ?' - 1) © (a, h - 1) — > (a, fe) — > (a + bl, i - 1)[1] are non-split triangles in D h {T n ) and 
dimExtc„((a, b),(a + h,b - h + /)) = 1, so these two triangle are the exchange triangles between 
(a, b) and (a + h,b - h + i). Note that (a, b + i) is the "upper left" to {a + h, b - h + i), so all 
exchange triangles are found. In this case, dimExtc„ ((a, b),{a + h,b-h + i)) - 1,1 < i < n - b - 1 , 
1 <h <b. □ 

The following is the main result in this section. 
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Theorem 4.3. Given two basic maximal rigid objects T' © T and T" © T in C n such that both 
T and T" are indecomposable. Then Xj'Xj" — Xe + Xe', where T — > E — > T" — > T'[l] a«<f 
T" — > £" — > r' — > T"[l] are f/ie exchange triangles. 

Proof. 1. dimExt^(r',r) = 2. By Lemma 4.2, we can assume that 7 1 ' = (a,n — 1), T" = 
(a + h,n - \), E = (a + h,n - h - \) ® (a + h,n - h - \) and £" - (a, /i - 1) © (a, /i - 1). We 
only need to consider two cases: 

(a) a-\,\<h<n-\.\x\ this case, {a, n - \),(a,h - \) e O, (a + h,n - h - \) e I and 
(a + h,n- 1) e 77. Then 



•^(a,n-l) - X\, 

X{a+h,n-\) — x \ x n-h+\ x n-h+\ 



(n-h-\ 



Xn-h-k%n-h-k+ 1 



I 

fc=0 



X\X n — h+\ 

Xn-h-k.Xn-h-k+1 



Hence X (a> „_i)X( a+ft>f ,_i) - X (a /; _ 1) + 

(b) 2<a<ra-l,l < h < n - a. In this case, (a, ft - 1) e 7 and (a, n - 1), (a + ft,n - 
1), (a + h, n - h - 1) e 77. Then 



1 

X(a+h,n-l) — x \ x n-a-h+2 x n-a-h+2 
X(a+h,n-h-Y) — x \ x n-a-h+2 x n-a+2 



z 



1 



X-n— a— k+l%n— a— k+2 J 

( n—a—h 



l 



i 



2 

i-a-h 

z 



1 



X-n-a-h-k+ 1 ^n-a-k-h+2 



Xn-a-h-k+ 1 ^n-a-h-k+2 



V ! 



i=0 



•^m— a— h+2 x n-a+2 
x n-a-k+ 1 



Hence X (a ,„_ 1) X (c!+ , vl _ 1) - + X ( 2 a+/vi _^ 



I)' 



2. dirnExt^ (T',T) = 1. By Lemma 4.2, we can assume that T' = (a,b), T" — (a+h,b—h+i), 
E - {a,b + i) ® {a + h,b - h) and £" = (a + ft + 1, j - 1) © (a, ft - 1). 



(a) {a, b) e O. In this case, (a, b), (a, b + i), (a, h - 1) e O, (a + h,b - ft), (a + h,b - h + 
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i),(a + b + 1) e I. Then 

X(a,b) — x n-b, 
X(a+h,b-h+i) = 



b-h+i 

x n-b-i x n-h+\ 



j =0 x n-a-h-k+l x n-a-h-k+2 

X( a ,b+i) — x n-b-h 
b-h 

x n-b x n-h+\ 



X(a+h,b-h) - ^ 



x n-a-h-k+l x n-a-h-k+2 
i-l 

, - \ 1 x n-b-i x n-b 

*(a+b+l,i-\) 



= y — 

H Xn-a-Q 



JT^ x n-a-(b+\)-k+\ x n-a-(b+\)-k+2 
X(a,h-1) = X n -h+\. 

Hence X( a , b )X(a+ h ,b-h+i) = X( a ^ +i )X (a+h ^ h ) + X^+b^^X^j^i). 

(b) (a, b) e /. There are three cases: 

i. a + b<n, \ <i<n-a-b.\n this case, (a, b),{a + h,b - h + i), (a, b + i), {a + 
h,b - h),(a + b + 1, i - 1), (a, ft - 1) e /. Then 

v _ V" 1 x n-a-b+l x n-a+2 

&(a,b) - >j ' 

x n-a-k+ 1 x n-a-k+2 

b-h+i 

v \ 1 x n—a—b—i+\ x n—a—h+2 

X-{a+h,b-h+i) 



V ^ x n-a 
;,_n X «-fl-. 

X( a ,fc+,) = ^ 



£_q "■n-«-/i-/:+l-*7i-ii-/i-ft+2 

2>+i 

x n-a-b-i+ 1 x n-a+2 



6-/1 

-^/i-a-/>+ 1 -*-n-n-/i+2 



^._0 x n-a-h-k+ 1 x n-a-h-k+2 



X( a +b+ - ^ 
/i-l 

^(a,A-l) = ^ 



i-l 

x n-a-b-i+ 1 x n-a-b+ 1 



JTJ x n-a-(b+\)-k+\ x n-a-(b+\)-k+2 

h-1 

x n-a-h+2 x n-a+2 



k-Q x n-a-k+l x n-a-k+2 



Hence X^b)X( a+ ^b-h+i) - X( a ^+i)X( a +h,b-h) + ^(a+fo+i,i-i)^( 
ii. a+& < ra, n-a-b + 1 < i < n-b- 1 . In this case, (a,b+i), (a+h,b-h) e I 
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and (a, b + i),(a + h,b - h + i), {a + b + 1, i - 1) e //. Then 

b 



X(a,b) - Z 



k=0 



x n-a—b+ 1 x n-a+2 
x n-a-k+ 1 x n-a-k+2 



X( a +h,b-h+i) — x \ x n-a-h+2 x 2n-a-b-i+\ 



1 



'n-a-h 

V — 

Xn-a-h-k+ 1 -^w-a 
»i — u. j ^ /'2m — tt — t/ - 

§ *„-„-*+ l*n-a-*+2, ^ ^ 



X 2 



X( a fi+i) — X\X n - a+ 2X2n-a-b-i+l 

b-h 

_ V ^ Xn—a—b+lXn—a—h+. 
x n-a-h-k+\ x n-a-h-, 



h-k+2 
(2n-a-b-i—\ 



( 2n-a-b-i—\ 



z 



V z=o 



x 2n-a-b-i-l x 2n-a-b-i-l+ 1 



1 



(a+h,b-h) 



k+2 



X(a+b+l,i-l) — x \ x n-a-b+l x 2n-a-b-i+l 
h-\ 



1 



f n—a—b—\ 

Z 



v Z 

i— n Xn—a—b—k x n—a—b—k+\ y j_q 



x 2n-a-b-i-l x 2n-a-b-i-l+ 1 



'2n-a-b-i- 1 



*2M-a-2j-i-/-X : 2n-a-Z;-!-/+ 1 



^(o.A-1) - Z 



£=0 



'* : «-a-/i+2' , ' : n-£i+2 
1 x n-a-k+2 



Hence X(.a,b)X(a+h,b-h+i) = X(.a,b+i) X (.a+h,b-h) + X(a+b+l,i-l)X(a,h-l)- 

hi. a + b - n, 1 < i < n - b — 1. In this case, {a + b + 1, i - 1) e O, (a, b), (a, b + 
i), (a + h,b - h) e I and (a, b + i),(a + h,b - h + i) e II. Then 



X(a,b) = Z 



i=0 



1 x n-a-k+2 



X( a +h,b-h+i) — x \ x n-a-h+2 x n-i+\ 



( n-a-h 



X( a ,b+i) — x \ x n-a+2 x n-i+\ 
b-h 

Z 



X 2 
fn-a 



\ (n-i-\ 



■ ) \ 1=0 



^ Z 

y x i \k=o 



Xn-a-b+ 1 Xn-a-h+2 



Ll II -4 I II 1 1 

z — - — z — — 

(n-i-\ 

z 



x n-a-k+\ x n—a—k+2 



v ;=o 



x n-i-l x n-i—l+ 1 



Ha+Kb-h) 



k=0 

X(a+b+l,i-l) — x n-i+l, 
h-1 

X(aji-l) = Z 



x n-a-h-k+ 1 x n-a-h-k+2 



x n-a-h+2 x n—a+2 



k=0 



x n-a-k+ 1 -*n-a-fc+2 



Hence X^h)X( a+ ^b-h+i) - X(a,b+i)X(a+h,b-h) + ^(a+2>+l,i'-l)^( 

(c) (a, b) e II. There are three cases: 

i. 1 < h < n - a. In this case, (a, h - I), (a + b + I, i - I) el and (a, ft), (a, ft + i), (a + 
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h,b-h),(a + h,b-h + \)e II. Then 



X(a,b) — x l x n-a+2 x 2n-a-b+\ 



1 



\k=0 

( 



(2n-a-b-\ 



z 



V 1=0 



X( a +h,b-h+i) — x \ x n-a-h+2 x 2n-a-b-i+\ 



X( a ,b+i) — x \ x n-a+2 x 2n-a-b-i+l 



X 2 



II— U. 

v — 

h-r\ x n-a-k+l^n-a-i 
-a-h 

V — 

k-0 ^n-a-h-k+ 1 %n-a 
ii — li j ^ /'2m — tt — f _ 

^ x n-a-k + l x n-a-k+2 ^ ^ ^ 



- l: 2«-a-A-;' ,i: 2«-fl-&-/+ 1 



1 



/i-jfc+2 
(2n-a-b-i—\ 



( 2n-a-b-i—\ 



z 



v 1=0 



x 2n-a-b-i-l x 2n-a-b-i-l+ 1 



1 



/n—a—h ^ > '2n—a—l 

— + /, X 

X l V £=0 Xn - a -h-k+ 1 -*7j-a-ft-&+2 



x 2n-a-b-i-l x 2n-a-b-i-l+ 1 
(2n-a-b-\ 



1 



•*2n-a-i-/-*2/i-a-6-/+ 1 



x n-a-b-i+ 1 1 



(-1 

(a+fc+U-1) = / . 

^ *n-a-(6+l)-*+l*n-a-(&+l)-*+2 



v V x n-a-h+2 x n-a+2 

A(a,h-\) - }_j 

£_q x n-a-k+\ x n-a 



-k+2 



Hence X( a ,b)X(a+h,b-h+i) - X( a ,b+i)X(a+h,b-h) + ^(a+2>+l,i'-l)^( 

ii. n - a + 1 < h < b. In this case, (a + b + I, i - I), (a + h, b - h), (a + h, b - h + i) e I 
and (a, ft), (a, ft + i), (a, h - 1) e //. Then 



^(a,fe) — X\X n - a +2X2n-a-b+\ 
b-h+i 



1 / «— a 

rfz 



v _ \ 1 Xn—a—b—i+\Xn-t 

X( a +h,b-h+i) = / , 



ri u=o 

%n—a—b—i+ 1 *£«-a-/i+2 
ft-fc+2 
/ »— a 



(2n-a-b-\ 



Z 



x 2n-a-b-l x 2n-a-b-l+ 1 



X(a,b+i) — X\Xn-a+2Xln-a-b-i+\ 

z 



1 

Vi vt=o 



Z 



(2n-a-b-i-\ 



Z 



x 2n-a—b—i-l x 2n-a-b-i—l+ 1 



•*7z-a-/?+ 1 -*7i-a-/i+2 



Ha+h,b-h) 



Ha+b+l,i-l) 



k=0 
i-l 



x n-a-h-k+ 1 x n-a-h-k+2 

x n-a-b-i+ 1 x n-a-b+ 1 



z^ 

;,_n 



^Tq x n-a-(ft+l)-*+l*«-a-(6+l)-i:+2 
/" 1 /n-a 



^(a,/i-l) — X\X n - a+ iX2n-a-h+2 



/ 1 /w-a 1 \ (2n-a-h 

2_ ry i y 

,*1 U=0 X "-"-l<+l X «-a-k+2 ){ [=Q 



x 2n-a-h-l+ \ x 2n-a-h-l+2 



Hence X( a ,b)X( a+ h,b-h+i) - X( a ^+i)X( a+ h,b-h) + X(a+2>+l,i-l)^(a,/,-l)- 

iii. /i = w-a+l. In this case, (a+/z, ft-/i), b-h+i) e 0, (a, &-1), i-l) e 
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/ and (a, b), {a, b + i) e II. Then 



X(a,b) — x \ x n-a+2 x 2n-a-b+\ 
X( a +h,b-h+i) — x 2n-a-b-i+ 1 > 
X( a ,b+i) — x \ x n-a+2 x 2n-a-b-i+l 



1 



z 

U=0 



x n-a-k+ 1 x n-a-k+2 



(2n-a-b-\ 



z 

V 1=0 



x 2n-a-b-l x 2n-a-b-l+ 1 



1 

\ X l 



z 

V*=0 



1 Xn-a-k+2 



'2n-a-b-i—\ 



Z 



v /=0 



x 2n-a-b-i-l x 2n-a-b-i-l+ 1 



X( a +h,b-h) — x 2n-a-b+l, 
i-1 



(a+fc+ 1,1-1) 



z 



x n-a-b-i+ \ x n-a-b+\ 



x n-a-(b+l)-k+\ x n-a-{b+\)-k+2 



h-l 



A( a ,ft-1) - > 

-^n-a-fe+l-^n-a 



-i+2 



Hence X {a ^)X( a+h ^ h+i ) - X( a ^ +i )X (a+h ^ h ) + X( a+h+ \^\)X {a j x -\). 



For the fixed maximal rigid object T - ©? = /Tj, where = (1, « - /), from Lemma 4.2, we have 

'0 1 ••• ^ 
-2 1 •••0 



that the matrix At associated to T is At = 



C n -\. 




I 



1 
-1 ) 



Its Cartan part is of type 



Let indrC,, be the set of indecomposable rigid objects in C n , and^A T be the set of cluster variables 
of skew-symmetrizable matrix At associated to T. Then we have the following: 

Theorem 4.4. The map Xi : indrC n — > xa t '■ M \-> Xm is a bijection. This bijection induces a 
bijection between the set of maximal rigid objects in C n and the clusters ofC n -\. Furthermore the 
algebra generated by all Xm, where M runs through indrC n , is isomorphic to any cluster algebra 
of type C n -\. 

Proof. Recall that T = ©'.^ -1 Tj. From the definition of Xm and Theorem 3.7, we have that 
XT t = X{. Then Xi sends the couple ({T\ , ■ ■ ■ , T n -\ \,Aj) to the initial seed {{x\ , ■ ■ ■ , x n -\), At) of 
the cluster algebra 3\a t - It follows from Lemma 4.2 that the exchange graph of maximal rigid 
objects in C n is connected. Then by Theorem 4.3, X?(indr) c xa t and Xi : indrC„ — > xa t is 
surjective. It follows from Theorem 3.7 that X? : indrCn — > xa t is injective. Thus the first 
statement holds. The second statement also follows from the connection of the exchange graph 
of maximal rigid objects in C„ and that the initial maximal rigid object T goes to inial seed 
({xi, • • • ,x„-i},At) of the cluster algebra JIa t - The final statement follows from that the inial 
matrix At is of type C„_i. □ 

Remark 4.5. A bijection between from indrC„ to the set of cluster variables of cluster algebras 
of type B n -i was given in [BMV] by using the geometric description of cluster combinatorics of 
cluster algebras of type given in [FZ2]. The cluster combinatorics of cluster algebras of 
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type C n -\ is same as that of cluster algebras of type B n -\ [FZ2]. It follows that there is a same 
type bijection as in [BMV] between indrC„ to the set of cluster variables of cluster algebras of 
type C n -\. The theorem above gives an explicit expression of the bijection. 
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